Abstract. Recently, a propositional logic modeling of analogical proportions, i.e., statements of the form "A is to B as C is to D", has been proposed, and has then led to introduce new related proportions in a general setting. This framework is well-suited for analogical reasoning and classification tasks about situations described by means of Boolean properties. There is a clear need for extending this approach to deal with the cases where i) properties are gradual ; ii) properties may not apply to some situations ; iii) the truth status of a property is unknown. The paper investigates the appropriate extension in each of these three cases.
Introduction
Analogy is not a mere question of similarity between two objects (or situations), but rather a matter of proportion or relation between objects. This view dates back to Aristotle and was enforced by Scholastic philosophy. An analogical proportion equates a relation between two objects with the relation between two other objects. These relations can be considered as a symbolic counterpart to the case where the ratio or the difference between two similar things is a matter of degree or number. As such, an analogical proportion of the form "A is to B as C is to D" poses an analogy of proportionality by (implicitly) stating that the way the two objects A and B, otherwise similar, differ is the same way as the two objects C and D, which are similar in some respects, differ.
A propositional logic modeling of analogical proportions viewed as a quaternary connective between the Boolean values of some property pertaining to A, B, C, and D has been proposed in [6] . This logical modeling amounts to precisely state that the difference between A and B is the same as the one between C and D, and that the difference between B and A is the same as the one between D and C. This view can then be proved to be equivalent to state that the considered Boolean property is true for A and D (resp. A or D) each time it is true for B and C (resp. B or C). This latter point shows that a counterpart of a characteristic behavior of numerical geometrical proportions (
, namely that the product, or in the second case that the sum, of the extremes is equal to the product (or, in the second case, the sum) of the means, is still observed here. The statement of the equality of numerical ratios, or of numerical differences, is useful for extrapolating a fourth value knowing three others that are linked by such a proportionality relation with it. Similarly, the solving of analogical proportion equations is at the basis of an analogical inference process which is of interest for solving non trivial reasoning tasks (e.g., such as IQ tests [2]), or for dealing with classification problems [5, 10] . The underlying inference mechanism considers four Boolean vectors that describe four situations in terms of n binary properties. When an analogical proportion holds for a large number of properties between the four situations, then one makes the plausible inference that an analogical proportion should also hold for a (n + 1)th property whose truth value is known for 3 of the situations, and unknown for the fourth one, which can thus be obtained as a solution of an analogical proportion equation. But, situations may be more generally described in terms of properties that are not always Boolean. This is the case if the properties are gradual, or if they are binary but may not apply. It may also happen that for some situations it is not known if a property holds or not. In these three types of cases (gradual property, property non applicable, and missing information about a property), it is thus of interest to be still able to evaluate in each case if one may consider that an analogical proportion holds. The paper investigates these three cases where different multiple-valued logical calculi are involved.
The paper is organized as follows. After a short background on Boolean analogical proportions (and two related proportions that play a role in the analysis of the problems encountered) in Section 2, the cases of gradual properties, of non-applicable properties and of unknown properties are successively discussed and contrasted in Sections 3, 4, and 5. 1 is the expression of the analogical proportion [6] . As can be seen, analogical proportion uses only dissimilarities and could be informally read as what is true for a and not for b is exactly what is true for c and not for d, and vice versa. When a logical proportion does not mix similarities and dissimilarities in its definition, we call it homogeneous: For instance, analogical proportion is homogeneous. More generally, it has been proved that there are 120 semantically distinct logical proportions that can be built. Moreover, each logical proportion has exactly 6 lines leading to 1 in its truth table (and the 10 remaining lines lead to 0).
Background on Analogical and Related Proportions

